Introduction
For the Fermat quotient q p (b) = (b p−1 − 1)/p (mod p) we employ wherever possible the briefer notation q b . Henceforth all congruences are assumed to be modp unless otherwise stated, and ⌊·⌋ signifies the greatest-integer function. The fact that Fermat quotients can be expressed as sums involving reciprocals of integers in {1, p − 1} was discovered in 1850 for the case b = 2 by Eisenstein, who gives q 2 ≡ 1 − [14] that the failure of the first case of FLT would imply the vanishing of many similar sums but with much smaller ranges, which cannot be evaluated in terms of Fermat quotients.
Lerch's remarkable formula of 1905 [12] is
where
For a detailed exposition in English, see Agoh et al. ([1] , pp. 32-35). In the case of composite N , the left-hand side of (1) is evaluated using Eisenstein's logarithmetic property q(ab) = q(a)+q (b) . The fact that the terms in {
2 , p− 1} are the mirror-image (mod p) of those in {1, 2 , or to be of a particular parity; but in the proofs we use whichever form seems more intelligible or expressive in the given situation.
As Lerch himself noted, the complementarity of the terms about the middle of the range {1, p − 1} leads to considerable simplification of (1) 2 } can be evaluated by subtraction from known results, giving s(2, 12) ≡ −q 2 + 3 2 · q 3 , and s(3, 12) ≡ 3 · q 2 − 3 2 · q 3 . However, it is convenient to group these instances among the "classical" results which were completely settled and systematized by Lerch's method. These are summarized in Table 1 below.
Dilcher & Skula ([4] , p. 389] report numerical investigations of all possible values of s(k, N ) for the two values of p for which q 2 vanishes, namely 1093 and 3511. This occurs only for the "classical" cases, eliminating the possibility that any other sums could be simple multiples of q 2 . It therefore seems likely that our Theorems 1 and 2 comprise essentially all the linear relations which pertain among sums of Lerch's type.
Supplementary Notations
Certainly, not all sums figuring in the literature of Fermat quotients can be reduced to Lerch's type, least of all those containing the numbers of Bernoulli, Euler, Fibonacci, Lucas, or Pell. However, the sums studied here are the simplest representatives of an important family of interrelated sums whose other members we designate as follows:
The evaluation of s ′ (k, N ) (3) is a simple consequence of the fact that a series expressed as a sum of terms of odd denominator may be condensed into a smaller range of unrestricted terms, as follows:
Conversely, a series expressed as a sum only of terms of even denominator may be simplified merely by factoring out the 2 in the denominator of its summand, whence the formula for s ′′ (k, N ) (4). The formula for s * (k, N ) (6) follows immediately from these results. An important special case thereof, the simplification of which is effected using the Corollary below, is
while s 
K(r, N ) (7), the proof of the formula for which is defered to (15) below, corresponds to the K m (s, p) of Zhi-Hong Sun [18] and to the K p (r, m) of Zhi-Wei Sun [23] ; we however omit the parameter p to simplify the notation and make it more uniform with the rest. Obviously 
This coincides with a result given below, but because we want to prove a generalization of the formula (when N is composite) we cannot work directly from (1), but rather must develop a somewhat broader version of the underlying theory. 
−(M − 1)p That is, the values of M j in the first row fall in {1, p − 1}, while those in the second row fall in {p + 1, 2p − 1} and must be reduced by p, those in the third row fall in {2p + 1, 3p − 1} and must be reduced by 2p, etc.
We can evaluate the sum of this two-dimensional array of terms in two different ways. First, we can collect the terms belonging to each value of M j mod p as follows: 
. (16) Now, while all the relations in (16) are valid, those in the bottom half of the display are by symmetry simply the negatives of those in the opposite rows in the top half, while if M is odd the statement made in the middle row is truistic because each side consists of sums of terms symmetrically distributed about the "center line" and thus vanishes mod p. Furthermore, these relations are degenerate when M = N , so M must be a proper divisor of N , and thus N cannot be prime. The relationships expressed in (16) may be employed in two different ways. The simpler expressions at the far right, if tractable, will provide an explicit evaluation of the sums on the far left, although as we shall see in the cases of N = 9 and N = 18, it is not a foregone conclusion that the sums are better known for smaller values of N . Alternatively, the sums on the far left and in the middle are homogeneous, and the congruence always admits of some simplification, both by direct cancelation and by use of the rule
We now examine some of the implications of (16) for particular cases of M , reserving a discussion of particular cases of N until the end.
The case M = 2
The case M = 2 of (16) is especially interesting. Let x = N/M ; then:
with the usual redundancy in the second half of the display. The first row of (17) yields an important corollary which will be frequently invoked in the following pages:
Among relations connecting the sums s(k, N ) for even N which do not depend on knowledge of the value of some sum with smaller N , this one is noteworthy in that it relates only three terms, whereas Lerch's (2) involves ⌊N/2⌋ terms.
Other relations compare sums of two values of s(k, N ) for even N with one or two values of s(k, N/2). In (18), subtract both sides from 2s(0, x) + s(
In (18), subtract s(0, x) from both sides. Then
. Also, using (18) and (6),
.
Corollary 2
Adding together the first two rows of (17), with the use of (6) and some manipulation we derive the relation:
This is the explanation for the equivalence of some evaluations given by ZhiHong Sun ([18] , pt. 3, Theorem 3.2, nos. 2 and 3).
The case M = N/2
In the first two rows of (16) , let N be even, and M = N/2. Then Corollary 3
Now let N = p − 1; then the sums s(k, p − 1) divide {1, p − 1} into equal pieces of length 1, so that:
supplying a slightly different proof of some important special cases of (3) and (4) already stated.
The case M = 3
The case M = 3 of the first few rows of (16) will likewise be needed below. Let x = N/M ; then:
The case M = N/3
In the first three rows of (16) , let N be divisible by 3, and M = N/3. Then Corollary 4
into equal pieces of length 1, so that:
These formulae are an improvement upon some of Glaisher ([7] , p. 18), where only the difference between the first and third rows is evaluated. However, Lerch ([12] , p. 476) gives a result from which the first row is easily deduced, and Lehmer ([10] , p. 356) gives an equivalent result with the modulus p 2 . For p ≡ 2 (mod 3), we obtain a parallel set of relations using (7):
These likewise improve upon Glaisher ([7] , p. 18), where only the difference between the second and third rows is evaluated. However, Lerch ([12] , p. 476) gives a result from which the middle row is easily deduced. Lehmer ([10] , p. 356) gives an equivalent result with the modulus p 2 . A few additional formulae in a similar vein but involving only terms in the first half of the range {1, p − 1} follow easily from the foregoing developments. If p ≡ 1 (mod 6),
If p ≡ 5 (mod 6), 
The remaining classical formulae
For the sake of completing an inventory of the "classical" formulae, we state the following:
If p ≡ 1 (mod 4), 
Lehmer ([10] , p. 358) gives a result equivalent to the first row, mod p 2 . If p ≡ 5 (mod 6), Theorem 2
It should be noted that Skula ([15] , p. 8, Corollary 2.4) proved by a somewhat different technique a result equivalent to the second row; and as the sum of (35a) and (35b) is by definition s(0, 2), the value of the first row is an obvious consequence of Skula's result. Nevertheless, we feel that this theorem warrants a closer look because much of its interest lies in the way the results generated by the two rows supplement one another. In the left-hand sides, the values of s(k, N ) are simply those with k of the appropriate parity and strictly less than N/2. When N ≡ 0 (mod 4), the number of terms in the left-hand sides of the two rows above is the same; when N ≡ 2 (mod 4), the number of terms in the left-hand side of the second row is one less than that in the first row. All this will be clearer if we write k in its even form throughout and dovetail the values produced by the two rows: 
The first row of 37 supplies a new proof of a theorem of Glaisher ([7] , p. 23, §40, where one of the versions of the formula is printed with a missing coefficient). The fact that Theorem 2 results in subsets of Table 1 . However, attempts to isolate a collection of non-consecutive terms s(k, N ) with the k in arithmetic progression and comprising only 1 6 of the terms in {1, p − 1} reveal that the result is so evaluable only when the values of k span the entire range. Unlike the formulae leading to the solutions in (35a) and (35b), here the formulae relating the six pieces leave their values under-determined. Even should additional, undiscovered relations exist, the difficulty can be shown to be insurmountable in general. If we attempt to evaluate the sums of s(k, N ) for every third value before or after the midpoint
we confront the sums s(0, 12) + s (3, 12) and s(6, 12) + s(9, 12) ≡ −s(5, 12) − s (2, 12) , and conversely if we attempt to evaluate the sums for every second value within a range of length (1, 12) . None of these results can be expressed solely in terms of Fermat quotients because each entails precisely one value of s(k, 12) which cannot be so expressed (see Table  2 ).
Some consequences of our results for particular cases of N
In what follows, we have nothing to add to the results for N = 1, 2, 3, 4, 6 (all included in Table 1 
N = 8
In the first row of (17) 
and pairwise, each of these relations is a necessary and sufficient condition for the vanishing of q 2 . While not without theoretical interest, such conditions do not entail fewer terms than those involving s(k, 4).
As to the actual values of s(k, 8), Williams ([27] , p. 440) evaluates the sum
, where U is a Pell number. With the application of our Corollary 1, the righthand side can be evaluated as s (0, 2) − s(0, 8) − s(3, 8) ≡ −2 · q 2 + 2s(1, 8) , allowing the values of s(k, 8) to be obtained for all k (see Table 2 ). These are also readily obtainable from the values of K(r, 8) tabulated in Zhi-Hong Sun ([18] , Theorem 3.3). As every value of s(k, 8) entails a Pell number, there is no reason to expect that they should be expressible as simple multiples of q 2 , and the fact that they generally cannot be is proven by the following cases where they vanish while q 2 does not (the calculations have been extended to p ≤ 1431906 without finding any further solution):
N = 16
In (16) 
In the first two rows of (17) , let x = 8. Then
The first row implies s(0,
Adding these expressions gives 2 ·s(0, 16)+ 3 ·s(1, 16)+ s(9, 16) ≡ 0, furnishing a criterion for the vanishing of q 2 which entails only 3 16 of the terms in {1, p − 1}, a slight improvement on that with N = 8. However, such an improvement does not continue for higher powers of 2, as the relationship to s(k, 4) becomes too tenuous. Theorem 2 generates identities in four terms which vanish when q 2 ≡ 0.
N = 12
We begin by noting that the conditions s(2, 12) ≡ −q 2 + Obviously, however, since s(2, 12) + s(3, 12) ≡ 2 · q 2 , if these two sums vanish together then so does q 2 . Because so much is already known in the case N = 12, we shall only note further that taking M = 2 in (16) gives:
Here, the more interesting relation is the second one, which gives s(1, 12) ≡ s (4, 12) as another necessary and sufficient condition for the vanishing of q 2 ; thus (truistically) the simultaneous vanishing of q 2 and q 3 would imply Table 3 ). In addition, an evaluation of s(0, 12) can be recognized with some effort in Granville & Sun ([9] , p. 119). For N = 12, only s (2, 12) , s (3, 12) , s (8, 12) , and s (9, 12) can be evaluated solely in terms of Fermat quotients.
N = 24
As recognized by Zhi-Wei Sun ([24] , p. 2216), s(k, 24) can be explicitly evaluated by substraction from known values when k = 2, 3, 8, 9, etc., since
In (17) 
which will clearly vanish if it is possible for q 2 and q 3 to vanish simultaneously.
N = 9
From (25), s(0, 9) + s(3, 9) + s(6, 9) ≡ 3{s(0, 9) + s(1, 9) + s(2, 9)} which implies 2 · s(0, 9) + 3 · s(1, 9) + 4 · s(2, 9) − s(3, 9) ≡ 0, the strongest relation produced by Lerch's theorem other than the ones depending on the relationship with s(k, 3), including those given by 25 and other cases of (16) with n = 9, M = 3.
Although s(k, 9) has not been evaluated for any value of k, it is known that in general it cannot be expressed as a simple multiple of q 3 , as proven by the following cases (apart from the trivial one of k = 4) where it vanishes while q 3 does not (the calculations have been extended to p ≤ 1043300 without finding any further solution): 
N = 18
We cannot add much to the knowledge of this little-studied case, other than to point out that Corollary 1 gives
while the second row of (25) gives 
N = 5
We shall not attempt to treat this case in any detail, for as previously noted, s(k, 5) cannot generally be expressed in terms of Fermat quotients. We merely note that from Lerch The derivations are not difficult, and we skip the details as these relations can be easily inferred from the explicit evaluations of K(r, 10) given in [18] .
Lehmer's problem
Although Emma Lehmer was not the first author to pose the question of whether q 2 and q 3 can vanish simultaneously, her 1938 paper remains the most important contribution to the subject. Indeed, there does not seem to have been much produced since, other that an heuristic argument against the possibility in Lenstra [11] . However, to the extent that Lehmer develops congruences for Fermat quotients to higher moduli, or derives expressions which cannot be expressed in terms of Lerch's sums, her work is supplemented by the extensive writings of Zhi-Hong Sun, notably by a major recent paper on Bernoulli and Euler numbers [20] .
As previously noted, Lehmer overlooked the conditions involving s(k, 12) discussed above, including the sharpest of all necessary criteria requiring only Fermat quotients, i.e. s(2, 12) ≡ −q 2 + 3 2 · q 3 ≡ 0 and s(3, 12) ≡ 3 · q 2 − 3 2 q 3 ≡ 0. We have given some comparable conditions involving N = 24. As to the vanishing of q 2 alone, see our (36), and of q 3 alone, our (26a); but although each of these results implies an infinite family of conditions, they do not appear to combine in any interesting way.
Remark on a result of Dilcher and Skula
Dilcher and Skula prove in [4] 
